Motivation: With complete knowledge of the human genome sequence, one of the most interesting tasks remaining is to understand the functions of individual genes and how they communicate. Using the information about genes (locus, allele, mutation rate, fitness, etc.), we attempt to explain population demographic data. This population evolution study could complement and enhance biologists' understanding about genes. Results: We present a general approach to study population genetics in complex situations. In the present approach, multiple allele inheritance, multiple loci inheritance, natural selection and mutations are allowed simultaneously in order to consider a more realistic situation. A simulation program is presented so that readers can readily carry out studies with their own parameters. It is shown that the multiplicity of the loci greatly affects the demographic results of fractional population ratios. Furthermore, the study indicates that some high infant mortality rates due to congenital anomalies can be attributed to multiple loci inheritance. Availability: The simulation program can be downloaded from http://won.hongik.ac.kr/∼mhchung/index files/yapop. htm. In order to run this program, one needs Visual Studio .NET platform, which can be downloaded from http://msdn. microsoft.com/netframework/downloads/default.asp.
INTRODUCTION
Biologists found that there are approximately 3 billion nitrogenous bases in 44 + 2 human DNA. Most sequences of these bases are irrelevant to genetic inheritance. Less than 3% of whole pair sequences are known to determine characteristic features of all human genes (Lander et al., 2001; Venter et al., 2001) . Since the diversity of human's * To whom correspondence should be addressed. inherited characteristics is huge, it can only be explained by cooperation of multiple genes.
Single gene effect with multiple alleles such as blood groups (Chung et al., 1997) , color blindness and hemophilia (Lee et al., 2001) can be studied by using the automata equations. Their solutions have some analogy with fixed points of renormalization group equations in physics, and lead into the Hardy-Weinberg formula (Li, 1976; Hedrick, 1985) .
In this study, we extend the theory to investigate multiple gene effects on fractional populations with any number of loci and alleles in the presence of mutation and selection. As results of the study, we present the generalized Hardy-Weinberg formula and a simulation program on fractional populations. The program explores simultaneous control of parameters that affect the behavior of gene variations in a population. To the authors' knowledge, no previous simulation program allows simultaneous variation of parameters (Quardokus, 2000) . We note that Hampe et al. (1998) studied population evolution in a different viewpoint from ours. The advantage of our approach is that we do not need a large RAM memory because we do not treat individual person, but consider groups characterized by genes. One more good point beyond the work of Hampe et al. (1998) is that we quickly achieve equilibrium state. Using the simulation program, we find that the mortality rates due to gene inheritance are greatly enhanced for multiple gene cases. Although in the present study, inbreeding (Bamshad et al., 1998) , genetic drift, and migration are not considered, they can be readily included in the formalism without any further complications when necessary parameters are given. number of alleles for the gene. We introduce symbols in Table 1 , which will be used in automata equations. As we see in Table 1 , the number of distinguishable ith chromosomes is given by L l=1 n (i,l) ≡ n (i) . We note that the number of different genotypes is given by (Y ) for male. In this study, we include the mutation between genes. It is important to find the relationships among the mutation rates of genes, chromosomes, and genotypes. Mutation rates between chromosomes are given by µ(C
Since each chromosome behaves independently, we find that µ(T
is the same as η (i) , and η (M) 
In consequence, all genotype mutation rates are written in terms of the gene mutation rates.
In order to formulate population evolution, it is convenient to introduce three kinds of population ratios: adult, birth, and parents. We shall notice the relationships between these population ratios later.
We denote ω(T woman. This mating probability reflects social and cultural effects. For a random mating case, the probability ω(T
In reproduction, randomly chosen half of the father's chromosomes and half of the mother's chromosomes are delivered to their baby. Assuming equal preference for each genotype, the reproduction coefficients ξ(T
a ) can be calculated. In fact, the reproduction coefficients are written as min(w, p) , max(w, p)), then add 1 4 to ζ (i) . If (s, t) = (min(w, q), max(w, q)), then add 1 4 to ζ (i) . Hence, ζ (i) is given by one of four values, 0, 1 4 , 1 2 , 1. Also, ζ (F) 
If (s, t) = (min(w, p), max(w, p)), then add 1 2 to ζ (F) . Finally, ζ (M) 
, then add 1 2 to ζ (M) . Since human beings with faulty genes have lower survival rate, we introduce disadvantage factor δ(T (S) a ) for each genotype. A larger value of disadvantage factor means less chance of survival.
Population equation
For given population ratios A n (T (S) a ) at the nth generation, our prime concern is 'what are the next generation population ratios?'. To answer this question, we introduce the four main effects on population evolution: mating, mutation, reproduction, and selection. Based on these four events, we formulate automata equations for population evolution:
.
(4)
The first equation is similar to the detailed balance in Monte Carlo simulation. The second equation shows that new populations are written as the sum of mutations from old populations. The birth populations are determined in the third equation. The fractional adult populations at the next generation after selection and normalization are given by the fourth equation.
For a given initial normalized set of adult populations, the automata equations will produce a fixed point of A * (T (S) a ) eventually. We note that the fixed point has a global stability, and is a function of mutation rates and disadvantage factors. We present a user friendly code for the random mating case, which is written in C# language. It is open to the public, and runs on a personal computer Table 1 . Symbols used in the paper. The index S in genotype represents female with S = F, and male with S = M Name Symbol Property
Gene G (i,l) a 1 a n (i,l) Chromosome
a ) 1.0 with Windows operating system. Any number of loci and alleles, and any values of mutation rates and disadvantage factors are allowed simultaneously.
RESULTS

Generalized Hardy-Weinberg law
In the absence of natural selection, we can easily interpret the result of the simulations. When there are mutations between different alleles, there will be dynamic changes between gene frequencies. However, after a certain number of generations, the gene frequencies will reach a fixed point, which is described by the Hardy-Weinberg law. At this balance point, the gene frequency F(G (i,l) a ) is related with others as follows
These linear secular equations can be solved to obtain the proper eigenvectors F(G (i,l) a ). Then, the chromosome frequencies are given by F(C
Both the gene and the chromosome frequencies are normalized to one. The population ratios are simply the frequencies of the genotypes. Here, it is emphasized that we do not distinguish the right from the left in a paired chromosome. The ratios of the fractional populations are obtained by expanding the following equations:
c ) = 1, for male. The expansion gives the generalized Hardy-Weinberg law for multiple gene inheritance.
Let us consider an explicit example of two gene cases, when two alleles for both genes are considered. We note two different possibilities: One is two genes at the same chromosome, and the other is a gene at a chromosome and the other gene at a different chromosome. We present the ratios of fractional adult populations. The former case is written as
The latter case is presented as
This result is numerically conformed by comparing the fixed point of the automata equations with the values obtained by solving secular equations.
Infant mortality
We now consider the general cases with mutation and selection, which go beyond the generalized Hardy-Weinberg law. Once the gene locations are given, we can apply the automata equations to obtain the fractional populations with random mating. The automata equations allow one to calculate the equilibrium populations for any mutation rates and disadvantage factors. As simple examples, we present calculations for one, two and three gene cases all with two alleles; one dominant and the other recessive. We fix the mutation rates, 3.3 × 10 −5 from the dominant to the recessive, and 4.0 × 10 −4 from the recessive to the dominant. These typical values are adopted from color blindness and hemophilia (Lee et al., 2001) . In order to count all different loci configurations, we consider all possibilities of divisions, N 1 + N 2 + · · · + N 22 + N X + N Y = N , where N is the number of genes in this example. Since the number of DNA order from 1 to 22 plays a role like a dummy index, we first count the possibilities of N 1 N 2 · · · N 22 with the constraint N 1 + N 2 + · · · + N 22 = N − N X − N Y . Then, for sex chromosomes, we count the possibilities of gene loci in X and Y for a given number N − (N 1 + N 2 + · · · + N 22 ). As a result, we note that there are 3, 7 and 14 topologically different configurations for one-gene, two-gene and three-gene cases, respectively. Population groups of more than one recessive homozygous genotype have a disadvantage factor 1. We impose a disadvantage factor 0 for dominant homozygous and heterozygous genotypes. Running the program with these mutation rates and disadvantage factors, we find Table 2 . Mortality rates per 100 000 births in multiple gene inheritance. When relevant genes are in sex chromosome (X,Y), the number of genotypes for female (F) is different from that for male (M) Genes Loci (1-22, X, Y) Genotypes (F,M) Mortality rates (F,M) 1,0,0 3,3 3.1,3.1 1 0,1,0 3,2 3.3 × 10 −4 , 9.9 0,0,1 1,2 0,3.3 1 1,0,0 9,9 6.2,6.2 2,0,0 10,10 6.2,6.2 1,1,0 9,6 3.1,12.9 2 1,0,1 3,6 3.1,6.4 0,2,0 10,4 6.5 × 10 −4 ,19.7 0,1,1 3,4 3.2 × 10 −4 ,13.2 0,0,2 1,4 0,6.6 1 1 1,0,0 27,27 9.2,9.2 2 1,0,0 30,30 9.2,9.2 3,0,0 36,36 9.2,9.2 1 1,1,0 27,18 6.2,16.0 1 1,0,1 9,18 6.2,9.5 2,1,0 30,20 6.2,16.0 3 2,0,1 10,20 6.2,9.5 1,2,0 30,12 3.1,22.9 1,1,1 9,12 3.1,16.3 1,0,2 3,12 3.1,9.7 0,3,0 36,8 9.8 × 10 −4 ,29.7 0,2,1 10,8 6.5 × 10 −4 ,23.1 0,1,2 3,8 3.3 × 10 −4 ,16.5 0,0,3 1,8 0,9.9 equilibrium population ratios, especially, birth populations, which provide us with infant mortality rates. The numerical results are summarized in Table 2 . The theoretical mortality rates can be compared with real demographic data as shown in Table 3 . We note that, in the theoretical results, mortality rate increases when more genes are involved in the disorder. We also note that for single gene loci, mortality does not become excessively high for reasonable mutation rates. Hence, the comparison indicates that the high mortality rate disorders including congenital anomalies of heart are attributed to multiple gene inheritance disorders.
In Table 4 , we present several diseases related to multiple gene. For Hirschsprung disease, to search genes is not finished yet at this present time. The ratio of males to females in defected birth may be as high as 4:1. This shows that some genes related to Hirschsprung disease should be in sex chromosomes. It is known that ELN and LIMK1 for Williams syndrome are both on chromosome 7. Since no sex chromosome is related to Williams syndrome, the equal rates for male and female are consistent with our numerical results. For long QT syndrome (heart disease), many genes are involved. We notice the correlation between high mortality rates and many genes. 
CONCLUSION
We have presented a theoretical scheme and a simulation program to study population genetics in a realistic complex situation. The result shows that the multiplicity of the gene loci greatly affect the demographic distribution of fractional population ratios. We suggest that more detailed demographic data including gene mutation and fitness is desirable to elaborate the theory further.
